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Abstract. We report here the tight-binding model calculation for tuning the band gap in
semimetallic graphene near Dirac point by various interactions. We propose a model
Hamiltonian consisting of hopping of electrons up to third nearest-neighbors, substrate
effect ,Coulomb interaction, electron-phonon interaction and high frequency phonon
vibrations and finally the bilayer graphene. We calculate physical parameters by Green’s
function technique and investigate the band gap opening due to different approach.
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1. Introduction

Graphene is a one-atom-thick two dimensional structure with carbon atoms
packed in a honeycomb lattice. Its recent experimental discovery has stimulated
extensive investigations on every aspects of this novel material [1, 2]. The tight-
binding calculation for graphene shows that its conduction and valence bands
touch at six points K and K'(Dirac points)in the Brillouin zone [3] where energy
dispersions are linear with respect to momentum. This unique band dispersion in
graphene leads to graphene’s novel physical and electronic properties such as
room temperature quantum Hall effects and high charge carrier mobility [4-6].
Graphene, being a gap-less semi-metal, can not be used in pristine form for nano-
electronic applications. Therefore, it is necessary to open a finite gap in the
energy dispersions at K points by various mechanisms [7, 8]. Small gaps have
been observed, when graphene is placed on substrates such as boron nitride(BN)
(100meV) [9] and silicon carbide(SiC)(250 meV)[10]. There is a great effort for
enhancing these gaps up to 1eV order of magnitude observed in silicon
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/germanium for the applications in digital electronics. The recent work indicates
that a carbon layer is co-covalently bonded to the SiC sub-lattice [11-15].
Symmetry breaking has been suggested as the gap opening mechanism for the
graphene-on-Ruthenium system [16]. McCann and Falko [8, 17] have proposed
that bilayer graphene can develop a gap, when it is gated with an electric field.
Bilayer graphene gap has been observed experimentally by using infrared
spectroscopy [18] and angle resolved photo emission spectroscopy (ARPES)
[19]. Hague [20, 21] has presented a theoretical model calculation for the strong
enhancement of graphene-onsubstrates band gaps by attractive interactions
mediated through phonon’s in polarizable substrates. The band gap of several eV
can be prepared by chemical modifications with hydrogen (Graphane) [22] and
Fluorine (Fluorographene) [23]. Atomic thick boron nitride (BN) forms a
honeycomb lattice where the = orbitals on N sites are shifted up in energy by + A
and decreased in energy of - A on B sites causing a gap of 2 A [24]. The band gap
of 5.56 eV is observed experimentally on mono-layer BN systems.

The role of Coulomb interaction in graphene and related systems provides a
long standing problem. The two dimensional graphene [25, 26], a number of ad-
atoms on semiconductor surfaces such as Si : X (Si, C, Sn, Pb) [27], Bechgard
Salts [28] polymers [29, 30] display strong local as well as non-local Coulomb
interactions. It is observed that in graphene the on-site Coulomb interaction is
U/t; ~ 3.3 and the near-neighbor Coulomb interactions is V/t; ~ 2 where t1 is the
nearest neighbor hopping t; = 2.8eV [31]. The effective on-site (Hubbard)
interaction is U = 3.3 t; in graphene in the close vicinity of the critical value
separating conducting graphene from an insulating phase [32]. The Coulomb
interaction between massless fermions in pristine graphene remains long ranged
and unscreened. It is currently unclear whether this would lead to strongly
correlated electronic phases like an insulator [33, 35] or whether graphene is
rather weakly correlated. The unscreened long-range Coulomb interaction is
shown to be responsible for many unusual behaviors in grapheme [34, 36]. The
local Coulomb interaction is crucial for the theory to understand the defect
induced magnetism [37] and Mott transitions on the surfaces like Si:X.

2.  Theoretical model

Single layer graphene is formed by carbon atoms arranged in a two-
dimensional non-Bravais honeycomb lattice. The distance between nearest-
neighbor carbon atoms is ayl! 1.42A° while the lattice constant is a=V3 a, .The
geometry and the 2D-character of the lattice do not allow the overlap of the p,
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orbitals of a given carbon atom and the s, py, py orbitals of its neighbors. The s, p;,
p, orbitals hybridize to create sp’ bonds and form high energy ¢ bands. The 7
band is created by the overlap of p, orbitals in graphene and this band is
responsible for electronic properties. A simple tight-binding model incorporating
only the nearest-neighbor hopping between adjacent distinct A and B sub-lattices
provides a good approximation for studying the low energy electronic excitations
and doping in pristine graphene .

Assuming that the electron can hop to both the nearest and next-nearest-neighbor

atoms, the tight binding Hamiltonian for electron in graphene can be written as

Ho= Y (ca8 58 +pbi o bio)—t X (&, bj o+ bJT,G 3 )
i,o @i,)),0

t, ¥ @y aj,+bl o bo)-ts X @, bi,+bl ) (1)
e T B e

where aiTla (g ) create (annihilates) an electron with spin o (o =1, |) on site Ri

sub-lattices A. Similarly b:fa (by ) Create (annihilates)an electron on sub-lattices

B. Here t;( = 2.5t0 3.0 eV ) is the nearest- neighbor hopping energy, t, with 0.02
t; <t, <0.2t; [36, 37] is the next- nearest- neighbor hopping energy and &, (g,) is

the site energy at the sub-lattice site A(B) . Further (i, j),((i, j))and
<<<| j>>> stand for nearest, next-nearest and next-to-next-neighbor hoppings from
site Rjto Rj .

The Fourier transformed dispersion y;(k) for the nearest neighbor hopping is

N

- il
(k) =@ 4 2e IZanO.COS7kyaO 2)

and the dispersion y,(k), ys(k) for the next and next-to-next-nearest-neighbor
hopping are y,(k) =X, eik'52,y3(k):253 % where 5, and 53 are the

next-nearest neighbor lattice vector. Graphene deposited on SiO, is well
described by the 2D massless Dirac equation [3]. Graphene grown on SiC can be
described in terms of massive 2D Dirac electron [5] . Substrate induced potential
can break the symmetries of the honeycomb lattice and generate gaps in the
electronic system. In a graphene-on-substrate system, the electron interacts with
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the static potential induced by the substrate. As a result, a modulated potential,
where A site have energy +A and B sites with energy -A, leads to the breaking of
the symmetry between A and B sites and gives rise to a gap. Such a symmetry
breaking Hamiltonian is written as

Haub =AY a8 5 —A b by, 3)
i,o i,o

This system exhibits a band gap 2A and if un-doped , has an insulating ground
state with the Fermi level lying in the gap. The effect of Coulomb repulsion is to
stop both electrons occupying the same site. The Hamiltonian describing the
Coulomb interaction with an effective Coulomb energy U is written as

. a .a b b
Hy =U %[niT SURSLT ”ii} ()

where nﬁ (nﬁ)with a ¢ A, B sub-lattices, represents the occupation number
operator of up(down) spin. For weak coupling, the Hamiltonian can be decoupled

: : R a a a a
by Hartree-Fock mean-field decoupling scheme |.e.UniT ni¢~u<nn>ni¢ +

U<nﬁ>nﬁ —U<nﬁ><nﬁ> where o = a, b corresponding to A and B site

interactions. The mean-field solutions are taken as (< nfT>+<nibT>)/2=n and
a b _ : e a\_
(< nm>—<ni¢>)/2_d and this leads to the condition, <niT>—n+d and

<nibT>:n—d where n represents the mean electron occupation and d the

deviation from the mean occupation. Similar expression can be formed for the
down spin electron. The electron-phonon interaction and lattice vibration are
written as

Heopn = 2. f(i— )nf% (b] +bj) (5)
szZa)obJTbj (6)

j
Here He_prepresents the electron density nf‘o, at sites is coupled to the phonon

displacement u;j = b}L +bj with phonon creation (annihilation) operator bJT(bj) at
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site j and f (i-j) is the electron-phonon coupling. for high frequency phonon’s
equations () represents the Holstein interaction .The Hamiltonian H, represents
the free phonon energy with phonon frequency ws.
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Fig. 1: shows the electronic density of states (DOS) of ideal graphene for different band
energy with different hopping integrals , £ = -1 (solid line) for NN; f; =-1, {, =-0.043
(dotted line ) for NNN,  =-1, {, =-0.043, f3=  -0.024 ( dashed line ) for NNNN.

3. Calculation

The Green’s functions for the electrons of A and B sub-lattices are
calculated by Zubarev’s Green’s function technique [38]. The pole of the Green’s
functions provide electron band dispersions . The density of states are calculated
from the imaginary part of Green’s function. Finally the occupations and their
difference for sub-lattice electrons for different spin orientations are calculated to
study the magnetic effect of of Coulomb interaction in the gap formation in
graphene. All the energy parameters are scaled by the hopping integral t;.

4. Results and discussions

The band gaps can be induced in graphene near Dirac point by the following
techniques
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4.1 Effect of electron hopping

The electron density of states (DOS) and band dispersion are numerically
computed [39] and are shown in Figs.1-2 . The tight-binding calculations give the
first nearest neighbor hopping integral t; = 2.5 — 3.0 eV [25, 26] . In the present
calculations we have taken ¢, =¢, =0, t, =-2.78 eV, t,= -0.12 eV , t; = -0.068

eV. Here the scaled hopping integrals become f;= -1, {,=-0.043 and {3= -
0.024. The density of states (DOS) for electrons for the graphene is plotted for
different band energies (c) [see Fig.1] . The DOS exhibits V-shaped nature at K-
point (Dirac point) for nearest neighbor hopping energy t;=-1 i.e DOS shows
linear dependence of band energy . When second nearest neighbor hopping (t, =
- 0.043) is included , it still retains the V-shape , but shifts to lower energies
becoming asymmetric in nature with respect to Fermi level (¢g = 0) at Dirac

point [Fig.1]
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Fig. 2: shows the electronic band dispersion for ideal graphene for different band energy
with different hopping integrals , f; = -1 (solid line) for NN ; f; =-1, t, =-0.043 (dotted
line) for NNN , § =-1, 5 =-0.043, f3 =-0.024 (dashed line) for NNNN.
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The inclusion of third neighbor interaction induces a gap near K-points and
the gap shifts further to lower energies. Fig. 2 shows the electron energy
dispersion for the grapheme is plotted for different band hopping energy . The
energy band dispersion exhibits VV shaped nature at K-point (Dirac point) for
nearest neighbor hopping energy t; = -1 i.e band dispersion shows linear
dependence of band energy. When second nearest neighbor hopping (f, = - 0.043
) is included , it still retains the V-shape, but shifts to lower energies becoming
asymmetric in nature with respect to Fermi level (g = 0) at Dirac point [Fig.2].
The inclusion of third neighbor interaction induces a gap near K-points and the
gap shifts further to lower energies .

4.2 Substrate effect

In order to study the substrate effect in band gap opening in graphene, we
compute DOS and electron band dispersion near Dirac point from equation (1)
and (3) [39] and show the plots in Fig.3 and Fig.4. Fig.3 shows the DOS for
different values of band gaps d; = 0.035 to 0.107 arising in graphene sheet due to
substrate effect [9-11, 16] and [27-29]. With the on-set of substrate effect, the
Dirac point moves towards the valence band occupied by electrons and
introduces a band gap below Fermi level ¢ = 0. The gap is further enhanced
with the increase of d;. Fig. 4 shows the enhancement of band gap between lower
electron occupied valence band and upper hole band due to the increase of d;.
The middle of the band gap also moves down the Fermi level g = 0.

4.3 Effect of Coulomb interaction

The sub-lattice Coulomb interaction is treated within a mean-field
approximation. Using the Hamiltonian in equation (1),(3)and (4),we calculate the

difference (d) in occupation numbers and modified gap A based on our earlier
calculation [40].

AL F(Bayer) = T (Boyr)]
(@t — w1)

where f is the Fermi distribution function and w; = 1,2 is the electron band

d=X (7)
k

dispersion. The modified gap dz(T)zéis plotted in Fig. 5 and Fig. 6 for

different Coulomb energy and hopping parameters. The ferromagnetic
magnetizations and spin polarizations are reported [41].
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Fig. 3: shows the variation of density of states (DOS) with energy (c) for different
substrates d; = 0.035, 0.071, 0.089, 0.0107
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Fig. 4: shows the variation of energy band dispersion with momentum (k) for different
substrates d; = 0.035, 0.071, 0.089, 0.0107
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Figure 5: shows the variation of modified band gap (d,) with temperature(t) for different
values of Coulomb energy u=1.0,1.5, 1.7, 2.0, 2.5, 3.5, 4.5 and 5.0 for fixed substrate
induced band gap d; = 0.1.

The graphene on-substrates acquires a band gap of A . The band is enhanced to

A=A+Ud/2 due to Coulomb interaction between electrons. When scaled by
hopping integral the modified gap becomes as d, = d; + ud/2 using the
temperature dependent difference (d) of occupancies between A and B sub-lattice
up-spin electrons, the modified band gap is calculated for different Coulomb
energies and the result is shown in Fig.5 . For lower Coulomb energies, the
modified gap (d,) at t = 0 gradually increases with increase of u from 1 to 1.7 and
attains the maximum of d, |/ 0.182. On further increasing to higher Coulomb
energies, the modified gap (d,) at t = O decreases and attains the bare gaps (d;)
arising due to only substrate effect for Coulomb energy u = 5.0. In other words

the magnetic gap vanishes for u = 5.0 indicating that n? =n$ in paramagnetic
phase .The temperature dependence of modified gap shows that the magnitude of
gap for lower ‘u’ gradually decreases with temperature. For higher ‘u’, the

modified gap increases with temperature, attains its maximum and then decreases
with temperature. However the maximum of modified gap nearly remains same
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for higher value of ‘u’ at higher temperatures indicating that d =<n$>—<n$>
remains unchanged at very high temperatures and Coulomb interactions.

Fig.6 shows the effect of different hopping integrals on temperature dependent
modified gap (d,). In absence of Coulomb interaction and electron hopping, the
band gap in graphene is d; = 0.1 which arises due to substrate effect only. This
band gap at temperature 0°K is enhanced to d, [10.167 due to the onset of a
critical Coulomb energy u. = 1.7 for the nearest- neighbor hopping energy of t; =
—1.0. This gap at temperature 0°K is further enhanced to d, |10.181 for the same
critical Coulomb energy u. = 1.7 and for hopping integrals taken up to third
nearest neighbor . It appears that the contributions of third nearest neighbor
hopping integrals and beyond have little effect on the band gap. The temperature
dependent modified gap shows that the gap is the highest at very low
temperatures and gradually decreases with increase of temperature. This effects
of hopping integrals on the modified gap is also seen in the band dispersions
shown in the inset of the Fig.6.
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Fig. 6: shows the variation of modified band gap (d,) with temperature(t) at u =1.7 for
different values of electron hopping f =-1, f; =-0.043, t3 =-0.024 for fixed substrate

induced band gap d; = 0.1. The band dispersions for different hopping are also given in
inset of the fig.
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4.4 Effect of electron-phonon interaction

The electrons on graphene sheet interact strongly with the phonons on the
polarized surface of substrates. Applying Lang-Firsov canonical transformation
[42] to equations (1),(3),(4),(5) and (6) in high frequency limit of localized
phonons, we calculate the effective Coulomb energyU = (U —24f;) and effective
hopping (f) which is a function of phonon frequency w,, electron-phonon

coupling (1) and NN- hopping integral (t;). The temperature dependent modified
gaps are plotted in Fig. 7 and Fig.8.
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Fig. 7: Shows the variation of modified band gap (d,) vs. phonon frequency w, for
different values of Coulomb potential u = 0.5, 1.0, 1.5, 2.0, 2.5 for fixed electron-phonon
coupling constant (al) = 0.2, temperature (t) = 0.01
and substrate induced gap (d;) =0.1

The effect of Coulomb interaction (u) on the modified gap d, for high
phonon frequency w, vibration is shown in Fig.7. For given value of lower
Coulomb interaction, the modified gap gradually increases with phonon
frequency. With further increase of Coulomb energy the modified gap gradually
increases from d; = 0.1 and attains maximum value d, = 0.0165 for given
Coulomb interaction u = 2.0. With further increase in Coulomb interaction, the
modified gap gradually increases with phonon frequency w, attains a maximum
flat peak d, = 0.0165 for critical Coulomb interaction u, = 2.5 for critical phonon
frequency wq = 0.35. Thus it is clear that modulated gap is maximized for critical
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Coulomb interaction u. = 2.5 and critical phonon frequency wq. = 0.35 for given
values of electron-phonon coupling al = 0.2. The critical Coulomb interaction U,
= 2.5t1 for producing maximum modified gap is slightly higher than the critical
Coulomb interaction U, = u.t; = 1.7 t; obtained earlier in the absence of electron-
phonon interaction and phonon frequency [40].

] e S wo=0.4 | —
LR 1

Modified band gap(d2)

'0|0.4l08‘1,2 1.6E2I2A4|2.s‘3‘2‘3A6|4
Temperature(t)

Fig. 8: Shows the variation of modified band gap (d,) vs. temperature (t) for different
values of phonon frequency (wo) = 0.2, 0.4, 0.6, 0.8, 1.0 for fixed electron-phonon
coupling constant (al)= 0.2, Coulomb interaction (u) = 1.7 and substrate induced gap

(dy)=0.1

The effect of phonon frequency 0 on gap is shown in fig.8. For a given low
electronphonon coupling al = 0.2 and relatively low phonon frequency wq = 0.2,
the modified d, = 0.13 gap at temperature t = 0. With increase of phonon
vibrational frequency the modified gap is enhanced to the higher value i.e. d, =
0.165 at temperature t = 0 for vibrational frequency w, = 1. However, for a given
phonon vibration frequency, the modified gap decreases with temperature and
remains nearly constant at higher temperatures. Thus, it is clear that phonon
vibrational frequency enhances the gap near room temperature.
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Fig. 9: shows the plot of energy band dispersions vs. momentum (k) for pristine bilayer
graphene for different values of external biasing (v) = 0 (dashed line) and v = 0.054 (solid
line)

4.5 Effect of bilayer graphene (BLG)

Experiments [8, 17, 19] show evidence of band gap opening in graphene in
BLG by gating between two layers. We have proposed model Hamiltonian
consisting of intra layer and inter layer hopping integrals t; and t; respectively
in presence of gating potential V. The four bands [43] for BLG are written as

V. 2 2
[?24-28'( +8kL—(—1)a\/§}
2

W sk ==~ (-1’ (8)

2
2 4 2,2 24,2
\ 2., 2 VT &Vt sVt o4
R=|—+2¢f +¢ 4 — - KL g 9
{2 k kL} {16 > 4 k 9)

where s, o = 1, 2. The band dispersion is plotted in Fig. 9. which shows four
bands @, ¢k of which w11 and wz are high energy bands and w1 (conduction)

and w,yx (valence) are the low lying dispersion bands near Dirac point with zero
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energy. In absence of gate potential v=\t/—1=0 low energy bands touch at Dirac
point. For low electric potential (v = 0.054) the low energy bands show a
Mexican hat shape with a gap energy of 0.054 as observed experimentally [8,

19].
5. Conclusions

We have reported here the theoretical model calculation of band gap
opening in grapheme by electron hopping, substrate effect, Coulomb interaction,
electron-phonon interaction and finally formation of bilayer and multilayer
graphenes. We have reported the effect of electron and hole doping on the Raman
active most well known G-peak [44].
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